
I a S2 is nonempty because leftbeginmatrix000cendmatrixrightinS2 is symmetric

Let A BE SL Then AAT and BBT

Hence leftABrightTATBTAB
So S2 is closed under vector addition

Finally let AinS2 and cinmathbbR

Then leftaArightTcATcA
We conclude that S2 is closed under scalarmultipli

cation Thus S2 is a subspace of R

b Let leftbeginmatrixabbcendmatrixrightinS2
Then leftbeginmatrixabbcendmatrixrightaleftbeginmatrix1000endmatrixrightcleftbeginmatrix0001endmatrixrightbleftbeginmatrix0110endmatrixright
So S2subseteqspanleftleftbeginmatrix1000endmatrixrightleftbeginmatrix0001endmatrixrightleftbeginmatrix0110endmatrixrightright
Now let a leftbeginmatrix100cendmatrixrightcleftbeginmatrix0001endmatrixrightbleftbeginmatrix0110endmatrixright c

span leftleftbeginmatrix1000endmatrixrightleftbeginmatrix00a1endmatrixrightleftbeginmatrix0110endmatrixrightright
Note that aleftbeginmatrix100cendmatrixrightcleftbeginmatrix0001endmatrixrightbleftbeginmatrix0110endmatrixright

leftbeginmatrixabbcendmatrixrightinS12ScircS2spanleftleftbeginmatrix10c0endmatrixrightleftbeginmatrix00c1endmatrixrightleftbeginmatrix0110endmatrixrightright



It remains to be shown that thesematrices

arelinearlyindependent Let c1c2c3inmathbbR be such that

c1leftbeginmatrix1000endmatrixrightc2leftbeginmatrix0001endmatrixrightc3leftbeginmatrix0110endmatrixright0
Then leftbeginmatrixc1c3c3c2endmatrixright0Rightarrowc1c2c30
So leftbeginmatrix1000endmatrixrightleftbeginmatrix0001endmatrixrightleftbeginmatrix0110endmatrixright are linearly independent
We conclude that

leftleftbeginmatrix1000endmatrixrightleftbeginmatrix0001endmatrixrightleftbeginmatrix0110endmatrixrightright
is a basis of 2

c Let propto betainmathbbR and PQinS2

Then LAleftalphaPbetaQrightalphaPbetaQATleftalphaPbetaQrightA
alphaleftPATPArightbetaleftQATQAright

alphaLAleftPrightbetaLAleftQright

So indeed LA is a linear operator



d Let A 12 Then P APA P I P I

0 for all PE So ker LI o

e Let Pekerla P ATPA O

A P ATPA Ak O for all k 0,1

At PA A pAkt for all k o y

P ATPA AT PA At PA Uk 0,1

P find A PA o

So her La 0

f Define P At QA

Then P ATPA

E A QA E ATIQ A Q



so P is a solution Let
overlineP be an arbitrary

solution to LAleftoverlinePrightQ
Then since La is linear LAleftPoverlinePrightQQ0
So P p ther LARightarrowPoverlineP by e

So P is the unique solution to LAleftPrightQ

g LAleftleftbeginmatrix1000endmatrixrightrightleftbeginmatrix1000endmatrixrightleftbeginmatrixa11a21a12a21endmatrixrightleftbeginmatrixa11a1100endmatrixright
leftbeginmatrix1000endmatrixrightleftbeginmatrixa112a11a12a11a11a121endmatrixright
left1a112rightleftbeginmatrix1000endmatrixrighta122leftbeginmatrix00c1endmatrixrighta11a11leftbeginmatrix0110endmatrixright

LAleftleftbeginmatrix0001endmatrixrightrightleftbeginmatrix0001endmatrixrightleftbeginmatrixa11a21a12a21endmatrixrightleftbeginmatrix00aL1aL1endmatrixright
leftbeginmatrix0001endmatrixrightleftbeginmatrixa212a21a11a22a21a211endmatrixright
a212leftbeginmatrix1000endmatrixrightleft1a122rightleftbeginmatrix0001endmatrixrighta21a21leftbeginmatrix0110endmatrixright

LAleftleftbeginmatrix011cendmatrixrightrightleftbeginmatrix011cendmatrixrightleftbeginmatrixa11aL1a11aL2endmatrixrightleftbeginmatrixaL1aL2a11a11endmatrixright
leftbeginmatrix0110endmatrixrightleftbeginmatrix2a11a21aa11a212a12a22endmatrixright
2a11a21leftbeginmatrix1000endmatrixright2a12a21leftbeginmatrix0001endmatrixrightleft1a11a4a11a12rightleftbeginmatrix01endmatrixright



So the matrix representation of is

leftbeginmatrix1a112a2122a11a21a1121a2112a12a22a11a1La11a211a11a11a11a21endmatrixright

I3leftbeginmatrixa112a2122a11aL1a122a2222a12a12a11a12a22a21a11a22a12a21endmatrixright


